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Anisotropy of hole spins in single and coupled self-assembled InAs/GaAs quantum dots is studied theoreti-
cally by means of an effective bond-orbital method. Compared with isotropic electron spins within the growth
plane, it is found that the hole spins, although with much smaller positive g factors, can be highly anisotropic
in single quantum dots. It is shown that the in-plane anisotropy of the hole spins can even reverse its sign as
the height of the dots varies. In vertically coupled quantum dots, the in-plane hole g factors become compa-
rable to the electrons, almost one order of magnitude larger than those in the single dots. Our result agrees
qualitatively with the recent experiment S. A. Crooker et al., Phys. Rev. Lett. 104, 036601 2010.
DOI: 10.1103/PhysRevB.82.073308 PACS numbers: 71.18.y, 78.67.Hc, 73.21.La
Electron spin, as one of the fundamental degrees of free-
dom, has attracted much interest due to its potential applica-
tion in spintronic devices.1 Semiconductor quantum dots
have been proposed as promising candidates to realize quan-
tum bits based on electron spin.2 In most of semiconductors
such as InAs and GaAs, electron spin is usually isotropic and
hence its g factor tensor reduces to a scalar. However, as the
spin of hole is strongly coupled to its orbital motion of lo-
calized spin-orbitals, its g factor is identified by the different
angular momenta and can be highly anisotropic. In
self-assembled InAs/GaAs quantum dots, hole states are
generally dominated by the heavy-hole components and
mixed with minor light-hole and split-hole parts due to the
quantum confinement effect and inhomogeneous strain
distribution.3 Each of the constituent component has distinct
g factor with different anisotropy, which has been shown to
play an important role in determining the properties of elec-
tron spins.4
In the presence of magnetic field applied within the
growth plane of self-assembled InAs/GaAs quantum dots,
the hole g factors are known to be much smaller than those
of the electrons, e.g., it is found that, in InAs/GaAs quantum
dots, gh=0.15 Ref. 5 and gh=0.24 Ref. 6 compared
with the corresponding ge=0.54 and ge=0.47. Unlike an
almost isotropic electron spin within the growth plane,5 it is
found that a hole spin exhibits remarkable in-plane aniso-
tropy in a recent experiment.7 More surprisingly, the aniso-
tropy of the hole g factors can even change its sign with the
emission energy.
In this work, we will study the in-plane anisotropy of the
hole effective g-factors in self-assembled quantum dots. Ap-
plied magnetic field takes direction parallel to the growth
plane of the quantum dots, commonly known as Voigt con-
figuration. Self-assembled InAs/GaAs quantum dots are as-
sumed to take lens-shaped or truncated pyramidal geometry
and have 2ML of wetting layer. Following the calculation of
strain distribution by the valence-force-field method, we
adopt an effective bond-orbital approach to calculate g fac-
tors of the electronic states in quantum dots. The Hamil-
tonian reads
HRs,Rs  = Ess
000R,R + Ess
110R, + Ess
200R,,
HRp,Rp  = Exx
000R,R + R,Exx
110p
2 + Exx
0111 − p
2
+ R,Exx
200p
2 + Exx
0021 − p
2 ,
HRs,Rp  = Esx
110pR,,
HRp,Rp  = Exy
110ppR,, 1
where R,R is the Kronecker delta symbol, R=R−R, and
p and p are the positions of the nearest and next-nearest
neighbors, respectively. The tight-binding parameters for
GaAs and InAs can be found in one of our previous work.4 A
geometric averaging is applied to the matrix elements across
two neighboring GaAs and InAs unit cells. Magnetic field is
incorporated into the tight-binding Hamiltonian by introduc-
ing Peierls phase factor.8 Off-diagonal matrix elements are
transformed as
HR,R→ e−ie/RRArdr · HR,R , 2
where Ar is the vector potential. Zeeman terms are added
to the diagonal matrix elements,
HR↑↓,R↑↓→ HR↑↓,R↑↓
1
2
g0	BB , 3
where g0 is the g factor of a bare electron. The
matrix elements for spin-orbit interaction are given by
HRx↑ ,Ry↑=−i /3, HRx↓ ,Ry↓= i /3, HRx↑ ,Rz↓= /3,
HRy↑ ,Rz↓=−i /3, and their conjugate terms, with  the
spin-orbit splitting in valence bands.
The first model system we choose is a lens-shaped InAs/
GaAs quantum dot as shown in the inset of Fig. 1. Please be
noted that the dots studied in the experiment7 are annealed
after the growth. The fact that other similarly annealed dots
exhibit Fock-Darwin diagram9,10 in their emission spectra
implies that the dots are most likely lens-shaped because
only lens-shaped dots may have almost equally spaced en-
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ergy levels.11 The base diameter is fixed at 19.8 nm and
height varies between 2.8 nm and 6.8 nm. The corresponding
emission energy lies between about 0.94 eV and 1.03 eV.
Figure 1 plots the hole g factor calculated as a function of the
emission energy in Voigt configuration. The modulus of the
hole g factor is determined from the spin splitting of the hole
states at B=1 T. The sign of the hole g factor can be re-
solved from that of the electron. The electron g factor in
InAs/GaAs quantum dots is shown in our previous study3 to
always carry a negative sign in Faraday configuration, which
agrees with the experiment.5 Our later study reveals that the
electron g factor satisfies a perfect fitting by g

=gF cos 
2+ gV sin 
2 between Faraday and Voigt
configurations.12 As g
 has to be a continuous function, it
can be therefore deduced that the electron g factor should
also be negative in Voigt configuration. For the system as
shown in Fig. 1, we find that the modulus of exciton g factor
is determined by ge− gh instead of ge+ gh, hence the hole
g factor mush have an opposite sign to that of the electron,
which is positive.5
The hole g-factors are calculated at the selected angles
and are fit to g2=gx
2 cos2−0+gy
2 sin2−0 where we
find 0 is very close to 45.0°, i.e., the 110 direction, for all
the dots. Therefore, we plot the results only for the magnetic
field applied along the 110 and 11¯0 directions. It is sur-
prising to find that the major axis of the in-plane hole g
factor is not always the crystal 110 axis. For the thicker
dots with lower emission energy, the 11¯0 direction is seen
to become the major axis, which agrees with the
experiment.7
The anisotropy of in-plane hole g factors is defined by
p =
g110 − g11¯0
g110 + g11¯0
. 4
We find that it reverses its sign with the increasing emission
energy as seen in Fig. 2. Around 0.96 eV, g11¯0 is very small
0.0013 and hence the anisotropy is seen to reach almost
100%. Except for the extreme, the in-plane anisotropy lies
between −20% and 40%.
For a dot with small aspect ratio between the vertical and
lateral dimensions, we notice that the difference in the en-
ergy spectrum between lens-shaped and truncated pyramidal
is not significant. Therefore, the calculation has also been
performed for truncated pyramidal InAs dots and moderately
intermixed In0.6Ga0.4As lens-shaped dot. The former has a
base length of 19.8 nm and height of 5.1 nm, and the latter
has a same diameter as the previous lens-shaped systems.
Here, randomness is introduced to only the level of unit cell.
Figure 3 plots the angular dependence of the hole g factors
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FIG. 1. Color online Hole g-factor in an InAs/GaAs self-
assembled quantum dot calculated as a function of the emission
energy for the magnetic field directed along the 110 solid dots
and 11¯0 open dots directions, respectively. The lens-shaped dot
has a diameter of 19.8 nm and height varying between 2.8 nm and
6.8 nm. Cubic spline fits are shown in solid lines as the guide of the
eye.
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FIG. 2. Color online Anisotropy of in-plane hole g factors
calculated as a function of the emission energy for the same dots as
Fig. 1. Cubic spline fits are shown in solid lines as the guide of the
eye.
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FIG. 3. Color online In-plane angular dependence of the cal-
culated hole g factor circles and the fits to data solid lines for a
truncated pyramidal InAs/GaAs dot with a base length of 19.8 nm
a and an intermixed lens-shaped In0.6Ga0.4As /GaAs dot with a
diameter of 19.8 nm b. The height of the two dots is 5.1 nm.
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calculated for these two model systems. It is found that the
hole g factor in the pure truncated pyramidal InAs dot ex-
hibits very similar pattern as that in the lens-shaped model.
The major axis of the in-plane hole g factor is seen to be
perfectly lying along the crystal 110 axis. However, we find
that the lens-shaped model agrees better with the experiment
in terms of energetic dependence of the hole g factor. As for
the intermixed model, due to the randomly distributed Gal-
lium content inside the dot island, the major axis of the in-
plane hole g factor is found to be along neither the 110 nor
11¯0 directions. The result for the intermixed samples sug-
gests that the in-plane anisotropy of the hole g factors has
strong relation with the spatial distribution of the hole wave
functions. This conclusion, however, is opposite to that
found for the in-plane electron g factors which are always
isotropic even in the presence of intermixing effect.
By decomposing a hole state  into
ss+hhhh+hh+shsh and introducing an empiri-
cal parameter ,12 the in-plane hole g factors can be ex-
pressed as the sum of the contributions from each component
g=−4 ·h−2 ·sh, where k= 	k k2. Here, we ignore
the contribution from the s component which is very small
and that from the heavy-hole component whose spin is fro-
zen along the growth direction.12 The proportion of the light-
and split-hole components in the ground state of holes is
plotted in Fig. 4 as a function of emission energy for the
same dot as shown in Fig. 1. Considering that the empirical
parameter  is positive,4 it is therefore seen that the hole g
factor in Voigt configuration shall be isotropic and always be
negative.
This nominal contradiction between the phenomenologi-
cal model and numerical calculation can be resolved by tak-
ing into account the nonzero envelope orbital momenta
NEOM carried by the hole states.3 As has been shown, the
positive contribution from NEOM would give rise to an
overall positive hole g factor. Furthermore, the positive con-
tribution from NEOM depends on the direction along which
the magnetic field is applied because the probability of the
hole wave function is anisotropic within the growth plane
especially for those thick dots.13 It explains why the in-plane
anisotropy of the hole g-factor can be traced back to the
spatial distribution of the hole wave function in the dots.
The in-plane anisotropy of the hole g factor can therefore
be attributed to the contribution from the nonzero envelope
orbital momenta carried by the hole states. For an electron
state, the contribution from NEOM to its overall g factor is
negligible and hence it exhibits smaller anisotropy between
Faraday and Voigt configuration14 and almost isotropic
within the growth plane.
Besides for the single quantum dots, the hole states in
coupled quantum dots have been revealed to exhibit very
different g factors from those of the electrons.15 Here we
adopt the same model system as in our previous work16 to
study the in-plane anisotropy of hole g factors in coupled
self-assembled quantum dots. Each of islands is disk-like and
has a diameter of 15.3 nm and height of 2.8 nm. The sepa-
ration between the bottom of the upper dot and top of the
lower dot varies between 1.1 nm and 3.4 nm. Figure 5 plots
the hole g factors in Voigt configuration calculated as a func-
tion of the separation between the dots. It is seen that the
in-plane hole g factor exhibits larger anisotropy than those in
the single quantum dots, though with similar amplitude. The
major axis of the in-plane hole g factor is found to be per-
fectly lying along the crystal 11¯0 axis, which is different
from that for the thin dots but, however, coinciding with the
thick ones see Fig. 1.
In the previous models for intermixed InGaAs quantum
dots, random composition profile is assumed. In experiment,
it has been found that the intermixing effect may lead to
noticeably inhomogeneous composition distribution inside
the quantum dots with an interesting pattern.17 Here, we
adopt the same pattern for the inhomogeneous composition
distribution. With the intermixing effect, the indium concen-
tration decreases from 100% in the region close to the apex
of the dot to about 40% in the bottom of the dot, resulting in
a nominal composition of about 75.6%. Each of the coupled
truncated pyramidal dots has a base length of 19.8 nm and
height 2.8 nm. The separation varies between 2.3 and 4.5
nm. First we find that the major axis of the in-plane hole g
factor is very close the 010 direction, very different from
those obtained from previous models. Second, the amplitude
of the in-plane hole g factor is seen to be significantly larger.
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FIG. 4. Color online The proportion of the light- and split-hole
components in the ground state of holes calculated as a function of
the emission energy for the same dots as Fig. 1.
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FIG. 5. Color online Hole g factor in vertically coupled InAs/
GaAs self-assembled quantum dots calculated as a function of the
separation between the dots for the magnetic field directed along the
110 solid dots and 11¯0 open dots directions, respectively.
Each disklike dots have a diameter of 15.3 nm and height of 2.8 nm.
The separation varies between 2a and 6a where a is the lattice
constant of GaAs.
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Table I lists the calculated in-plane hole g factors against the
separation between the dots in the unit of GaAs lattice con-
stant. Compared with those in pure InAs coupled dots, the
in-plane hole g factors in these intermixed structures are al-
most one order of magnitude larger in amplitude and much
less in anisotropy. Such large in-plane hole g-factors with
small anisotropy places a convincing scenario for efficient
spin injection into self-assembled quantum dots.18 Besides
the factors known in the previous studies, other effects such
as spin-orbit interaction in the envelope functions of the
carriers19 and Coulomb correlation20 may also play a role in
determining the electron and hole g factors in self-assembled
quantum dots, which will be addressed in our further study.
In conclusion, we have studied the in-plane anisotropy of
the hole g factors in both single and coupled self-assembled
quantum dots. Compared with isotropic electron spins within
the growth plane, we have shown that the hole spins can be
highly anisotropic. We have revealed that the in-plane aniso-
tropy of the hole g factors can be attributed to the contribu-
tion from the nonzero envelope orbital momenta carried by
the hole states. We have found that the dependence of this
contribution on the geometry of the dots can even reverse the
sign of the in-plane anisotropy as the shape of the dots var-
ies. In vertically coupled quantum dots with realistic inter-
mixing composition profile, we have shown that the in-plane
hole g-factors are comparable to the electrons and almost one
order of magnitude larger than those in the single dots. Our
result agrees qualitatively with the recent experiment.
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